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Approximate methods to analyse non-linear 
creep behaviour and their application to some 
special materials 
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Technology, ETH-HOnggerberg, CH-8093 Zi)rich, Switzerland 

In this paper two approximate methods for the prediction of the non-linear time- 
dependent behaviour of poured asphalt and European spruce (Picea abies (L) Karst.) in 
uniaxial compression creep-tests at constant temperature are described. It is shown that 
the application of these two methods to several arbitrary step-loading and repeated 
single-step loading histories leads to a fairly good agreement between the prediction and 
the experimental data. 

1. I n troduct ion  
The mechanical behaviour of many technologically 
important materials cannot be described suffici- 
ently by the classical theory of elasticity which 
implies that the current strain is uniquely deter- 
mined by the actual stress. This also applies to the 
investigated materials poured asphalt and Euro- 
pean spruce, which, in addition to the properties 
of elastic solids, show the time-dependent b ehaviour 
of viscous fluids, and thus, a decreasing tendency 
to recover their original undeformed state after 
unloading. Consequently, the current strain 
depends not only on the actual stress-condition, 
but also according to the material memory, on 
the past loading-history. 

A distinction can be drawn between visco- 
elastic bodies and visco-plastic bodies, where 
reloading is connected with hardening. In addition, 
materials such as poured asphalt are subject to  
ageing processes which are caused by chemical 
and structural changes and usually lead to a reduc- 
tion of viscous behaviour [ 1 ]. 

The consideration of all influences by general 
constitutive equations leads to complex problems 
both theoretically and experimentally [2-5].  In 
practice, the calculations soon become unwieldy, 
if temperature and possible non-linearities are 
taken into account. Hence, various approximate 
and simple models (e.g., rheological models) are 
used for practical purposes. 

In this paper the two approximate methods 
of analysing time-dependence developed in [6] 
and [7] are discussed in detail and compared 
with the experimental creep data of the materials 
mentioned above. The methods are valid for the 
primary and secondary stages. It is shown (see 
Figs 3 to 6) that both methods give a qualitatively 
and quantitatively good prediction of the long- 
time behaviour of the materials investigated 
herein. 

2. Theory 
The magnitude of deformations is influenced by 
the structure of materials, the applied load, the 
loading time and the temperature. Most building 
materials behave as solids and fluids as well, and 
therefore, they show both time-dependent and 
time-independent reversible and irreversible beha- 
viour. 

With higher number of loadings the contribu- 
tion of each cycle to the total irreversible deform- 
ation decreases [7] and the material gradually 
loses its initial properties. Since in most cases it is 
not only the initial but also the N m loading that is 
of great importance, it is of practical interest to be 
able to predict the long-time behaviour under 
repeated loading by using the material properties 
of single-step tests. 

The creep history due to single step loading can 
be expressed for non-linear materials by 
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e(t) = (t)o + %(002 (1) 

or the creep compliance 

e(t) 
- -  = ~ l ( t )  + qb2(t)O, (2) 

O 

which depends on the stress, o. ~ l ( t )  and ~2(t) 
are the time- and temperature-dependent material 
functions and have to be determined from experi- 
ments. In the following two approximate methods 
apl(t, T) and r T) are generally expressed by 
power functions. 

2.1. Method 1 
This method [6] is mainly based on the separation 
of the strain [8] into a reversible elastic and visco- 
elastic part (Fig. lc) as well as into an irreversible 
plastic and visco-plastic part (Fig. ld); further- 
more, on the separate superposition of these parts 
by considering non-linear material behaviour and, 
by assuming hardening for plastic-visco-plastic 
parts in case of repeated loading (Fig. 2). 

The separation is based on the assumption that 
the loading time, r, equals the recovery time, 
2~---7", and that the time dependent and indepen- 
dent reversible parts can be determined at t = r 
and t = 2r, respectively. Furthermore it is implied 
that the remaining strain consists of a time- 
dependent and time-independent part. 

As it is seen in Fig. 1, the total strain, eg, can 
be split into four separate strain parts resulting 
from the first loading and unloading cycle 

eg ---- ege + egp = ee + eve(t) + ep + evp(t) .  (3) 

According to Equation 1 each part can be expressed 
by individual polynomials with the material func- 
tions cb(t) for constant temperature and the stress, 
e. By inserting 6Pi(t ) = r tq, Equation 3 can be 
transformed to 

eg = ~lea  + dP2e 02 + ~lveOt eve + ~2ve O2 t eve 

+ (l~lpO- .J- ~)2pO.2 .Jr cbl~otavp 

+ q ~ o  2 t qvo , (4) 

with ~ l e . - . q v e - - .  denoting ten material con- 
stants resulting from experiments (see Table IA). 
Factoring out t qve and te~ in Equation 4 and 
introducing the reversible parts 

~e = ~lea  + @2e~ 2 (5) 

and 

~Ve "~- d~lveO" "j- @2veO "2 , (6)  

and the irreversible parts 

tp = ~ I p a  + ~2pO 2 ( 7 )  

and 

~ = ~1~oo + @ ~ o  2 (8) 

the equation finally becomes (see Table IIB) 

eg = ~e + ~vet q'~ + ~p + ~ t  qvp. (9) 

With the material constants of Equation 4 from 
single-step creep and recovery experiments it is 
possible to describe the material behaviour under 
repetitive loading, using a similar method as Lai 
and Anderson [9] who determined reversible strain 
with the modified superposition principle of 
Findley et al. [10, 11 ] and irreversible strain with 
a strain-hardening theory. The difference of the 
method presented in our paper consists in another 
treatment of the plastic and visco-plastic parts. 

Compared to a single step-loading in the time 
interval t = 0 to t = T, the irreversible strain under 
repeated loading shows a greater increase in the 
same time interval. With higher number of cycles, 
N, this tendency seems to lead to a limiting value 
(Fig. 3). In the time-dependent visco-plastic parts, 
the strains increase only under loading. In case of 

o- (a} 

~T~ ,,~t 
I- 2T 

~g (b) 

l- z~" 

Figure1 Separation of the total strain for Method 1, showing (a) applied 
stress, (b)total strain, (c) reversible elastic-viscoelastic part and (d) irreversible 
plastic-viscoplastic part. 

(e+Eve + ~ Evp (d) 

T 2T T 2V 
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Figure 2 Example of the superposition according to Method i. (a) Separation of the stress history in (~1 and as -- a~ = 
%1 ; (b) separation of total strain according to Fig. 1 and Fig. 2c; (c) determination of non-linear constants ~ . . . .  q . . .  
(Table II) and calculation of total strain egl and eg21 with modified superposition for the elastic and visco-elastic part 
and Equations 10 and 1 1 for the plastic and visco-plastic part. 

unloading the visco.plastic strain remains stable 
until the next load is applied. Consequently, only 
the effective loading period, r, of every loading 
cycle must be considered, and it follows that 

eve = evp(Nr) q~. (10) 

In this equation, the time, r, for N = 1 must tend 
towards zero and #ve towards #p for very short 
loading periods. By choosing r = 1 --  1/N instead 
of  r = 0 which is also zero for N = 1, the depen- 
dence of  % on the number of  loadings N and on 
the initial material parameters qvo and #p can be 
described by the following relation 

% = ~p [1 + ( N - -  1)ave], (11) 

where ep = ~p stands for the time-independent 
plastic part of  the first loading cycle N = 1. 

The example below shows the application of 
the single-step model to arbitrary step-loading 
histories by using this superposition method 
(Fig. 2). 

The loading or unloading is expressed by the 
stress incremental ( a 2 - - a t )  at t =  7"1, and the 
resulting material parameter is obtained by the 
difference of the parameters for a2 - al  (Fig. 2). 

I f  the unloading history is split (as shown in 

Fig. 2a) and the Equations 5 and 6, 7 and 8 and 
9, together with the corresponding material 
parameters, are applied to the response of  every 
single-step loading increment, the material 
behaviour can be predicted with sufficient 
accuracy by the superposition o f  each part. This 
has been demonstrated by  these (Figs 3 to 6) and 
earlier [1 2] experiments. 

2.2. Method 2 
The isothermal material behaviour can also be pre- 
dicted by  another separation of the total deforma- 
tion [8]. This method is based on the frequent 
experimental observation (Fig. 7) of  a difference 
e~ between the strain increments at the spontan- 
eous loading and unloading times t = 0 and t = r, 
which decreases with repeated loading cycles (Fig. 
3), and, furthermore, on the experience that,  in 
many cases the modified superposition principle 
[10, 1 1 ] overestimates the recovery strain. There- 
fore, the total strain eg is split into the spontaneous 
strain, eir, and the time-dependent part, era, deter- 
mined by the modified superposition principle. 
In the recovery period 2r -- z, the strain difference 
gr remains, characterising the resistance against 
recovery. 
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TABLE IIA Tabulation of the stress dependent values for Method 1 (e.g., -Equation 5 to 8) 

Material a 8 e eve ep evp qve qvp 
(N mm-2)  (% at t = 1 sec) (% at t = 1 sec) (% at t = 1 sec) (% at t = 1 sec) 

Poured 0.2 0.280 0.132 0.720 0.248 0.278 0.340 
asphalt 0.4 0.370 0.162 0.910 0.425 

24 1.579 0.020 0.185 0.017 0.110 0.227 
Spruce 40 2.517 0.055 0.358 0.047 

TABLE liB Tabulation of the stress dependent values for Method 2 (e.g. Equations 12 to 16) 

Material cr $~ Sm ~ q 
(N mm-2)  (% at t = 1 sec) (% at t = 1 sec) (~o at t = 1 sec) 

Poured 0.2 0.720 0.416 0.165 0.323 0.341 
asphalt 0.4 0.910 0.628 0.304 

24 0.185 1.594 0.035 0.0112 0.0579 
Spruce 40 0.358 2.640 0.143 

For one single loading, the total strain becomes 

6g = eir + Cm " tq ,  (12) 

with 

and 

~ir = ~ l i r  O + ~2ir  a2 (13) 

~m = ~ l r n  0 "]- ~ 2 m  a2 (14) 

and, after unloading, considering that 

e-r = ~r(t -- r) 'i (15) 

with 

e-r = (~ l r  a "~- ~2x a2 , ( 1 6 )  

the corresponding equation becomes (see Table 
lIB) 

eg = eir + em [ tq  - -  ( t  - -  r )  q ] + ~r(t  - -  r )  q . (17)  

o 
v 

t -  ~  
~J 

~I0 
J._ 
0 

5 

(a) 
"~ 2 • 3600 sec 

0-= 0.2 r z 

0 3.6 

12x300sec 14x60 19x30sec 

900 2x300 1 
I I i l l  

M HlTIHfl MIHIlll > t  
7.2 16.811.712L6 1'3.5 time (10 3 sec) 

# 
(b) 

I 

experimenf 
Mefhod 1 
Method 2 

~ t  
0 4 8 12 16 

time (I03 sec) 
Figure 3 (a) Applied stress and (b) total axial strain of poured asphalt under arbitrary repeated single step-loading at 
23 ~ C and 50% r.h. 
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Figure 4 (a) Applied stress and 
(b) total axial strain of spruce 
under arbitrary stepqoading at 
23~ and 50% r.h. (moisture 
content of wood 11%). 

The separation is based on the idea that, at the 
moment of spontaneous loading, an irreversible 
change in cohesion occurs (e.g., between the 
bituminous matrix and the minerals) since growing 
loading velocity generally increases the tendency 
of materials to behave in a stiffer manner. Thus, 
an irreversible strain eir contributes to the total 
strain eg. The following constant loading from 
t = 0 to t = ~- produces a time-dependent change 
in structure which, in turn, alters the mechanical 
behaviour with respect to the initial state. Thus, 
the change in mechanical behaviour is due to the 
spontaneous change in cohesion and due to a time- 
dependent structural change as well, both changes 
preventing total recovery. In order to predict the 
strain by the material functions of the initial 
loading, it is useful to introduce gr as an auxiliary 
value for the third part of strain. If  the loading 
cycle is repeated, further changes in structure occur 
which, however, decrease with higher number of 
loadings, N. Consequently, gr, as well as Acid, i.e., 
the growth of irreversible spontaneous strain, tend 
to zero. The influence of increasing number of 

loading N on gr and e m is obtained by separate 
application of the modified superposition principle. 
eir can be obtained from 

eir  = 6irN q, (18) 

assuming that the spontaneous irreversible strain 
shows a similar dependence on N as the creep 
strain, era, on the time, t. The corresponding eight 
material constants are indicated in Table lB. 

Fig. 8. illustrates the application of Method 2 
to the same arbitrary loading history as in Fig. 
2. 

The total strain, eg = 6g I Jr eg21 can be calcu- 
lated by separate superposition of eir , 6-r and era. 
The time-dependent strain parts, er and era, are 
determined by the modified superposition principle 
considering that ~-r, by definition, occurs only after 
the first time of loading at t = T2. 

3. Materials and test procedure 
The uniaxial compression creep-tests were per- 
formed on poured asphalt and spruce in a standard 
climate at 23 ~ C and 50% relative humidity (r.h). 

A 

o 
=2 

4-- 

0 

A (a) 

E E 2' h o o o o experiment 
_= FIFIFI... , t   Meth0d 1 
o i see . . . .  Method 2 

a o o " o J -- - -~--------" "--~--o 

100 200 300 400 
time (103 sec) 

Figure 5 (a) Applied stress and 
(b) total axial strain of  spruce at 
23 ~ C and 50% r.h. under 
repeated single step-loading 
(moisture content of wood 
11%). 
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Figure 6 (a) Applied stress and 
(b) total axial strain of spruce 
at 23~ and 50% r.h. under 
repeated single stepqoading 
(moisture content of wood 
11%). 

The poured asphalt had a binder content of 
9 wt % B 40/50 and a mineral content of  91 wt % 
of grain size 0/6 ram. The mineral consisted of 25 
wt % hard Idler, 45 wt % sand 0/3 mm and 30wt % 
crushed stone 3/6 mm. To obtain cylindrical speci- 
mens with a diameter of r = 50 mm and a height 
of 150 mm, moulds of two semi-circle brass seg- 
ments were used, in which the mixture was f'filed 
and compressed at a temperature of about 230 ~ C. 

For the experiments on wood, prismatic speci- 
mens of European spruce (Picea abies (L) Karst.) 
were used, with the size of 5 0 m m  • 5 0 m m  x 
150 mm. The average oven-dry density was 380 
k g m  -3 and the average moisture content 11%. 
The load was applied parallel to the fibres. 

The experiments were performed on elec- 
tronic testing machines. To measure the deform- 

o- 

IJIpJ rJ J IIIJIJll ,,' I 

; 2V  

(o) 

>f 

__ .... (b) 

- Eg _ 

. . . .  ' ":: ::>. Em 

T" 2T'" 
> f  

Figure 7 (a) Applied stress and (b) separation of the total 
resulting strain for Method 2 into: eir (difference between 
the spontaneous strain increments at t -- 0 and t = 2r); 
ern (strain calculated from eg -- eir of the loading period 
by the modified superposition principle), and ~r (strain 
differnece in the recovery period between total strain eg 
and the calculated strains ern and eir). 
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ations of  poured asphalt and spruce,linear-variable- 
differential-transformer (LVDT) extensometers 
were used. All experiments were performed with 
a small pre-load of a maximum of 1/10 of the creep 
load. The step-loading was applied within 1 sec. 

4. Results and discussion 
In a first step the power functions of the individual 
strain parts were determined from the experi- 
mental creep functions under step-loading accord- 
ing to Method 1 (Fig. 1), and in a second step the 
strain parts were calculated according to Method 2 
(Fig. 7). For this purpose, the time-dependent 
strain parts were plotted in a double logarithmic 
scale and approximated by straight lines, assuming 
that the slopes qve, q ~ ,  q, q" of every single step- 
loading were equal for each strain part. The values 

in Table II denote this strain parts at t = 1 sec 
and depend only on stress. The dependence was 
approximated by the polynomial Equations 5 to 9 
for Method 1 and by Equations 12 to 17 for 
Method 2. The corresponding material constants 
4 . . . ,  as well as the slopes q . . . .  are listed in 
Table I. It has to be emphasized that these con- 
stants are limited to the specific samples and 
materials and may not be used for general con- 
struction purposes. This would require more 
extensive research and was not the aim of the 
present work. 

The irreversible strains of poured asphalt are 
relatively large compared to the reversible strains, 
and the material shows a non-linear behaviour. 
Thus both methods are applied and checked with 
the experimental results of arbitrary loading 
histories. The loading history of Fig. 3 with an 
arbitrary combination of short- and long-time 
loading were chosen to demonstrate the sen~sitivity 
of both methods. Though the material c6nstants 
are determined from experiments with compara- 



(o) 

(b) 

0" 0" 
? 
L:: : :  % t  + | ~ : : : ~ - - i !  0i ; t - -  

o- 

71' Inrrrl 111111 o-21 
rl r2r r  

( ( 

(c) 

~ r  (g21 Ejq '~ ~ ' " ' " "  >Z t (Jr21 ~ ................ ,,i,,rl,]]],,] > ~ 

Egl> t " " ' 
Er I ~ g  (r21 

r rzr3 r4 
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Figure 8 Example of the superposition according to Method 2. (a) Separation of the stress history in a I and a 2 -- o 1 = 
a21 (see Fig. 2); (b) separation of the total strain according to Figs 3 and 4c; (c) determination of non-linear constants 

. . . ,  q . . .  (Table II) and calculation of total deformation eg 1 (Equations 12 to 14 and 18) and eg2~ (e.g., Equations 
17 and 18) with modified superposition principle for e m and ~r within the time period t = 0 . . .  t and t = r 2 . . .  t, 
respectively. 

tively long creep and recovery times both methods 

agree quite well and the difference to the measure- 
ments is small (see Table III). As expected, for 

Method 1 there is a maximum difference of 

spontaneous irreversible part at the second loading 
cycle. For Method 2 the recovery is overestimated 

with increasing number of loading cycles (see 

Table III). A comparison between these and some 

other approximate methods is given in [13]. It is 

TABLE III Comparison between the predictions of 
Method 1 and 2 and experimentally determined values 

Figure Time eth~e~ X 100 (%) 

etheor 

Method 1 Method 2 

Fig. 6 3600 sec -- 0.0 3.7 
7500 sec 2.4 0.0 

11000 sec -- 1.8 -- 2.5 
13500 sec 0.0 -- 2.9 
64800 sec 4.0 6.4 

Fig. 7 10 min -- 2.0 -- 1.2 
15 min -- 3.0 --4.3 

Fig. 8 24 h 0.0 4.8 
120 h 0.5 4.4 

Fig. 9 4 h 0.0 3.5 
22 h 1.1 6.5 

also shown that, in the case of Fig. 3, the applica- 
tion of Method 2 without introducing eir (see 
Fig. 7) yields to a total strain which is 25% below 

the experimentally determined value. 
The influence of non4inearity on the behaviour 

of spruce at a moisture content of 11% is less 
important as for example on poured asphalt (see 

values of qbl and q52 in Table II). The spontaneous 
irreversible strain part of initial loading is com- 
paratively large and hardly increasing under 

repeated similar loading (see Figs 5 and 6). Hence, 
according to Methods 1 and 2, the spontaneous 
irreversible strain can be determined without Equa- 

tions 10 and 18, i.e., without assuming a hardening 
effect with increasing number of loadings, N. Fig. 

4 gives the comparison between theory and experi- 
ment for arbitrary step-loading. Figs 5 and 6 pre- 
sent the verification of the suggested methods for 
repeated single-step loading. The agreement with 

the experimental data is good (see Table III). 

5. Conclusions 
Two methods are presented to describe non-linear 
material behaviour at constant temperature. The 
first requires ten and the second eight material 

constants. In the case of linearity the number of 
constants reduces to four and three, respectively. 
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The first method [6] is based on the separate 

superposition of the irreversible and reversible 

time-dependent and time-independent strain parts; 
the second method [7] is founded on the super- 

position of an irreversible, reversible and retarded 

reversible strain part, the latter caused by the 

resistance against recovery. 

It was shown that the behaviour of poured 
asphalt and spruce, both materials with more or 

less distinctive irreversible character, can be fairly 

well approximated by simple methods considering 

the behaviour of recovery. 
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